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Interaction of a Weak Shock with Freestream Disturbances

Zvi Rusak,* Thomas E. Giddings,^ and Julian D. Cole*
Rensselaer Polytechnic Institute, Troy, New York 12180-3590

A new transonic small-disturbance model to analyze the interactions of freestream disturbances with a weak
shock has been developed. The model equation has an extended form of the classic small-disturbance equation
for unsteady transonic aerodynamics. An alternative approach shows that the pressure field may be described by
an equation that has an extended form of the classic nonlinear acoustic equation that describes the propagation
of sound beams with a narrow angular spectrum. The model shows that diffraction effects, nonlinear steepening
effects, focusing effects, and induced vorticity fluctuations interact simultaneously to determine the development
of the shock wave in space and time and the pressure field behind it. A finite difference algorithm to solve the
mixed-type elliptic/hyperbolic flows around the shock wave has also been developed. Numerical calculations of
shock wave interactions with various deterministic vorticity and temperature disturbances result in complicated
shock wave structures and describe peaked as well as rounded pressure signatures across the shock front, as were
recorded in experiments of sonic booms running through atmospheric turbulence.

Nomenclature
c = speed of sound
F, G = arbitrary functions, Eqs. (7)
/, g = freestream perturbation functions, Eqs. (18)
h, hi = shock front shape in nonlinear and linear analyses,

respectively
ij, k = unit vectors in x, y, z directions
i, j,k,n = indices of a point in the numerical mesh
K = similarity parameter, (M^ — l)/£3
M = Mach number
P = pressure in nonlinear analysis
p = nondimensional pressure perturbation
5 = entropy
s = nondimensional entropy perturbation
T = nondimensional temperature perturbation
Tm = temperature
t = time
t* = rescaled time
U = uniform speed
u, MI , u2 = axial velocity perturbations, x direction
V = velocity vector
v, vi, v2 = velocity perturbations in y direction
w, w\, W2 = velocity perturbations in z direction
jc, v, z = coordinates
x* = rescaled jc coordinate
y = ratio of specific heats, 1.4 for air
A() = difference of a quantity
6 = small quantity, <$C 1
%j = modified axial coordinate, x — Uojt
v\j = perturbed velocity vector
p, p - density
psj = arbitrary function, Eqs. (7)
TJ = modified time, UQjt
(/) = potential
(jj = vorticity vector

Subscripts

a = ahead of the shock front
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b = behind the shock front
j = index, a or b
y 0, jco = of irrotation and rotational solutions, respectively
0,07- = basic state property
1 = perturbed quantity
oo = freestream conditions
* = scaled perturbation, Eq. (21)

Superscripts

* = scaled quantity, Eq. (19)
b = backward differencing
c = centered differencing

= nondimensional functions, Eqs. (10)

I. Introduction

E XPERIMENTAL data exist showing the pressure profiles of
sonic booms, created by the passage of a distant supersonic

aircraft, can be drastically affected by freestream atmospheric
turbulence.1"5 The usual N wave or a shaped sonic boom profile can
randomly exhibit either large-pressure peaks with short rise times,
rounded profiles with longer rise times, or messy pressure signa-
tures. Recent laboratory model experiments of turbulence affect on
the rise time and waveform ofN waves have shown similar results.6
The interaction of the sonic boom with the atmospheric turbulence,
specifically in the atmospheric boundary layer near the ground, may
result in higher and unacceptable loudness levels.7 Therefore, in
order to get reasonable estimates of the sonic boom performance
of various designs of a future supersonic transport airplane, it is
essential to understand the basic interactions of the atmospheric
turbulence with weak shock waves.

The basic analysis of the distortion of sonic bangs by atmospheric
turbulence was given by Crow.8 Using a first-order acoustic scat-
tering theory, Crow showed that the pressure perturbation behind
the shock is related to the interaction of the shock with the distur-
bances it encounters while moving in the atmosphere. The pressure
profile can be calculated by a surface integral over a paraboloid of
dependence, whose focus is the observation point and whose di-
rectrix is the shock front. By describing the turbulent eddies in the
Kolmogorov inertial subrange, it was found that the mean-square
pressure perturbation behind the shock changes like (Ap)2(fc./07^6

where (A/?) is the pressure jump across the shock, (t) is time af-
ter the shock passes an observation point, and (tc) is a critical time
predicted in terms of meteorological conditions. Crow's analysis8

predicts reasonable average values of the pressure fluctuations for
times (0 comparable to (tc).

The singularity in the pressure perturbations near the shock front
(when t -> 0) was analyzed by Plotkin and George.9 A second-
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order acoustic scattering theory was used to describe rounded shock
signatures. The average of the diffraction effects was approximated
as a dissipation term. The thickening of the shock is explained as a
balance between nonlinear steepening effects and the dissipative ef-
fect of the turbulent scattering of acoustic energy out of the incident
shock. Rise time predictions of this theory show some correlation
with experimental data. On the other hand, Ffowcs Williams and
Howe10 examined the approaches that describe the possibility of a
turbulent thickening of weak shock waves and reached a conclusion
that atmospheric turbulence cannot be the cause of shock thicken-
ing. They suggested that weak shocks may attain a dispersed profile
due to nonequilibrium gas effects.

It should be emphasized that the scattering analyses of Refs.
8-10 considered weak turbulent perturbations relative to the shock
strength, whereas in the case of the sonic boom interaction with
atmospheric turbulence the random flow fluctuations may be of the
same order of the shock wave strength and may strongly distort the
shock front. In addition, these analyses did not account for shock
jump conditions that must be satisfied in an inviscid analysis across
any shock surface. The approximation made in Ref. 9 of the aver-
age diffraction effects described as a dissipative term may also be
questioned.

A different approach was taken by Pierce.11-12 He interpreted
the spikes observed on sonic boom pressure waveforms as being
due to the simultaneous focusing and diffraction of a nearly planar
TV wave by an inhomogeneous layer in the atmosphere. The shock
front develops ripples that are transformed into folds in the front
when the shock passes vertices of caustics. This mechanism results
in a fine structure of very small pressure jumps that correspond to
the various segments of the folded wave front. Pierce12 derived a
stochastic model of a shock front propagating through a turbulent
atmosphere to substantiate the very small discrete structure of sonic
boom profiles.

Pierce's model,11-12 however, neglects nonlinear effects that be-
come significant, specifically near a caustic vertex, as was shown by
Cramer and Seebass13 and Gill and Seebass.14 Cramer and Seebass13

described the focusing of a very weak and slightly concave shock
wave by the unsteady transonic small-disturbance flow equation.
Gill and Seebass14 derived an approximate analytical solution of
the steady transonic small-disturbance problem for the nonlinear
behavior of a weak compression wave with a finite rise time near
a caustic. They calculated the reflected shock wave from a caustic
and provided an estimate of its strength. The experimental results
of Sturtevant and Kulkarny15 also show that focusing effects are
significant for weak shock waves as occurs in the case of the sonic
boom signatures.

Sparrow and Pierce16 have recently presented a simple statistical
prediction for how often sonic booms propagating in the Earth's
boundary layer will encounter caustics. The theory is based on
describing the variation of ray tube areas of a sound wave prop-
agating in a turbulent medium by a generic harmonic oscilla-
tor equation. For measured realizations of atmospheric turbulence
the model predicts that sonic booms will exhibit spikes with the
occurrence of caustics after propagating a very short distance
in the random medium, thus agreeing with the predictions of
Pierce.11-12

In a recent paper, Pierce17 has derived a model equation to de-
scribe the development of sonic boom signatures in atmospheric
turbulence. The equation has been constructed by using physi-
cal considerations only. It extends geometrical acoustic approx-
imations to include convection at the wave speed, diffraction
effects, molecular relaxation, classical dissipation, and nonlin-
ear steepening effects. The atmospheric turbulence enters through
an effective speed of sound which varies randomly in time and
space. However, since this theory has not been developed consis-
tently from the fluid dynamic equations, Pierce17 raised questions
whether all of the effects are necessary in his suggested model
and how to accomplish a numerical or analytical solution to the
problem.

Related to the problem of the sonic boom interaction with tur-
bulence is the basic question of the interaction of a shock wave

with a vortical flow and, specifically, with a vortex or a train of
eddies.18'21 The research of the latter problem was basically moti-
vated by the interest to reduce the noise and vibrations produced by
high-speed supersonic vehicles. For these problems, the interaction
of relatively strong shock waves with turbulent jets or wakes is a sig-
nificant source of noise. The shock-vortex system is a basic element
of these more complex interactions.21 It can also shed light on the
sonic boom interaction with atmospheric turbulence, specifically,
when the shocks are weak and vortex strength is comparable to the
shock strength.

Experimental results of shock-vortex systems18"21 revealed
curved, diffracted shocks as well as complicate structures of curved,
reflected shock waves from the incident shock front due to the vor-
tex induced flowfield. The pressure field behind the shock contains
regions of compressions and rarefactions that produce acoustic
waves. Similar shock structures were also observed by Sturtevant
and Kulkarny15 who investigated the focusing of weak, curved
shock waves. Of specific interest are measurements of Dosanjh
and Weeks19 of the shock wave interaction with a vortex street.
The shock front is distorted by the wake flow which results in
a focusing process, whereas the vortex street is dissolved by
the shock.

The analyses of the shock-vortical flow interactions are limited
to linear perturbation theories only.22"26 These analyses considered
the jump conditions across a shock surface and predicted the dev-
elopment of vorticity waves, entropy waves, and acoustic waves
behind the shock front.22"24 The acoustic wave was approximated
by a quadrupole26 or as a sum of monopole, dipole, and quadrupole
acoustic sources. Recent direct numerical simulations of isotropic
turbulence interacting with a weak shock by Lee et al.27 show good
correlation with the linear analysis predictions of Ribner24 for weak
disturbances. However, since all of these theories are linear, they
cannot account for any nonlinear effects, such as large shock dis-
tortions, focusing, and nonlinear steepening effects that are usually
found in experiments15>18>19 or in numerical simulations of shock-
vortex interactions.28"30

The review of experimental and theoretical investigations of the
interaction of shock waves with freestream vortical or turbulent
flows shows that this complex nonlinear interaction is still an open
problem. Specifically, the improved simulation of sonic boom prop-
agation through the real atmosphere requires a better understanding
of the interaction of weak shocks with vortical perturbations and
turbulence.16

Analysis of the experimental data and the theoretical approaches
shows that in the case of the sonic boom, the shock waves near
the ground are very weak but still stronger than any acoustic wave.
Also, flow fluctuations due to the atmospheric turbulence or vorti-
cal shear flows can become comparable to the shock wave strength
such that locally the shock strength can be either strongly reduced
or magnified and the shock wave front can be distorted significantly.
Therefore, linearized acoustics and its second-order scattering prob-
lem, or first-order linear theories of shock-vorticity interaction do
not correctly represent the development of the shock front and the
pressure field behind it (see also Sec. II). However, in a coordinate
system moving with the basic weak shock, the problem may fit the
transonic framework.31

This paper presents a new extended transonic small-disturbance
model that has been developed to describe the interactions of
freestream fluctuations with a weak shock wave. The model equa-
tions also has an extended form of the classic nonlinear acous-
tics equation that describes the propagation of sound beams with
narrow angular spectrum (KKZ equation).32-33 The model shows
that diffraction effects, nonlinear steepening, focusing, and induced
freestream disturbances interact simultaneously to determine the de-
velopment of the shock wave and the pressure field behind it. A fi-
nite difference algorithm to solve the mixed-type elliptic/hyperbolic
flows around the shock wave is also presented. Numerical calcu-
lations of weak shock wave interactions with deterministic fluc-
tuations describe both peaked or rounded pressure signatures as
were recorded in experiments of sonic booms running through at-
mospheric turbulence.
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II. Breakdown of the Linearized Theory
A. Linearized Theory

An inviscid and nonheat conducting flow is assumed. A normal
shock with a uniform supersonic oncoming stream and a uniform
subsonic outgoing flow is considered. The upstream flow ahead of
the shock is characterized by a speed UQa in the x direction, pressure
Poa, and density p0a and the downstream flow behind the shock by
Uob, PM, and po/» respectively. Assuming the shock front is given
by the x = 0 plane, the jump conditions across a normal shock34

show that

(1)

+ y-1 Y-

Small disturbances are considered in each of the uniform streams.
The velocity vector V, pressure P, density p, and vorticity u; may
be given ahead (j = a) and behind the shock (j — b) by

Pj =
(2)

Pj =

j = €(A>IJ + ' i = V X

Here v\j, p\j, and p\j are functions of (jc, y, z, t). An axial coordi-
nate moving with the uniform speed is considered in each region,
%j = x — Uojt, TJ = Uojt. The substitution into the continuity,
momentum, and energy equations results to the leading order in
[V =

(3)

Equations (3) result in

= y drj '
= 0,

(4)

where M07- = UQJ/CQJ and c .̂ = ypoy/A)/- Equations (4) show
that o;i7- = u?iy(^-, y,z) and that the pressure perturbation pij
is described by the acoustic equation. Therefore, the first-order
disturbance flow can be split into a linear combination of ro-
tational and irrotational parts: v\j = v\jm + Vi7-0. The rota-
tional part may be described essentially by incompressible flow
equations

V • vijto = 0, V x vim = (5a)

The irrotational (potential) part may be described by acoustics equa-
tions relative to the basic flow in each region

(5b)

The first-order perturbation theory also considers the distortion of
the shock front. Assuming that the perturbed shock front is given by
x — chi(y, z, t) = 0, the exact jump conditions across the shock34

result to the leading order in a set of conditions that must be satisfied
along the x = 0 plane for any (y, z, t),

, y, z, t)

(6a)

Pi«(0, y, z, t) + i*ifl(0, y, z, t) - (hi

+ ulh(0,y,z,t)-(hlt/Uoh)

Uoa[pia(0, J, z, t) + 2iiifl(0, y, z, 0

+ (l/(yAf£))/> l f l(0, v, z, 0] -

+ 21^(0, j, z, 0 +.(l/(yMi))plfc(0, j, z, 0] (6b)

, y, z, 0

(y-

= U&\plb(0, y, z, 0 + 3Mu,(0, y, z, 0

(y-

(6c)

U0a[vla(0, y, z, t) + hiy] = Uob&ibQ, y, z, t) + hly] (6d)

U()a[wla(Q, y, z, r) + hlz] = UQb[wlb(0, y, z, 0 + M (6e)

Here h\t = dhi/3t,hiy = dhi/dy,hlz = dhi/dz and (MI;-, v iy,
ifi;) are the components of the velocity perturbation v^. The lin-
earized jump conditions in Eqs. (6) include the entropy increase
produced by the shock. It can be shown from Eqs. (5) and (6) that
(using the solution of the downstream equations for the disturbance
flow) the shock conditions are adequate to describe the flow down-
stream of the shock wave and its distorted motion for given upstream
disturbances.

B. One-Dimensional Flow
In the case of a one-dimensional flow, the rotational part vanishes

identically, and the solution of the acoustic equation ahead (7 = a)
and behind (j = b) the shock is given by

where F and G are arbitrary functions that describe the upstream
and downstream acoustic waves. Here psj is an arbitrary func-
tion that describes entropy waves that are convected with the
flows [the first-order entropy disturbance is given by Sj — S0j =
zsij = €CpMojpSj(t;j), where Sj is the entropy in region 7, So/ =
cvkJ(Poj / p%j) and cv and cp are the specific heat constants]. Assum-
ing that no acoustic waves can propagate upstream, specifically not
in the flow behind the shock, then G = 0. Then the shock jump con-
ditions (6) provide a system of three linear equations for the solution
of the downstream acoustic and entropy waves Fh(^b - ?b/Mob) and
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Psb(%b) and the shock position rate of change in time h\t(t) in terms
of the given acoustic and entropy perturbations Fa(%a — ra/M0a)
and psa (tja) in the upstream flow. Let

FaO = Fa[-(UQa

FI,O = Fh[-(Uob

Then from Eqs. (6-8), we get

psbo = psh(-Uoht)
(8)

= (1 + M0fl)Ffl0 +

2 + MM + — - + M06 Av

r + 77~ I FaQ + MoapsaQ
Mofl

(9a)

(9b)

3 + Mo, +
(X -

yM0/,) I Fho

(y-
2/y

(y-

(y

(9c)

The determinant of the system (9) may be written in the form
A = (Mla - l)fn(M^). Therefore, the solution of Eqs. (9) shows
that the shock front motion and the perturbed flow behind it may be
described by

-i

PII, = PM 1 +

Plb = A» 1 + Ml-

(10)

where functions h\,u\,p\, and pi can be expressed in terms of the
given flow perturbations ahead of the shock wave. In principle, these
expressions may enable spectral characterization of the pressure
fluctuations and the turbulence downstream of the shock wave in
terms of the spectral characterization of the incoming turbulence.
However, Eqs. (10) show that the linear approach is nonuniform
when the shock wave is very weak Ml -» 1+ and also when the
flow fluctuations are of the same order of the shock strength, € ~
(Ml — 1), as in the case of the interaction of the sonic boom with
atmospheric turbulence. A similar nonuniformity is also found from
the analysis of two- or three-dimensional flows. This uniformity
problem leads to a different approach to study the interaction of a
weak shock with comparable random fluctuations in the flow.

III. Transonic Small Disturbance Model
The analysis of the linearized problem of the interaction of a weak

shock with small disturbances shows that it is an invalid approach
when the flow perturbations are of the order of the shock strength.
Therefore, a different approach has been developed to study the
interaction of weak shocks with comparable random fluctuations in
the flow. In a coordinate system moving with a basic given weak
shock, the problem may fit the framework of transonic theory.31 A
transonic small-disturbance model is developed to analyze the flow

across a basic weak shock running in the — x direction. A coordinate
system attached to the basic shock is considered. The transonic
regime is characterized by perturbations in the velocity component
normal to the shock that are much larger than the transverse velocity
components. Therefore, the velocity vector V, pressure P, density
p, and vorticity a; may be described everywhere in the flow by

V = f / o o i l + €$U + 6Ui

(11)

P =

+ k(Dz)

Here M^ = U^/c^ = I + Ke? is the Mach number of the undis-
turbed moving shock (K > 0) and c^, p^ and p^ are the speed of
sound, pressure, and density of the unperturbed flow ahead of the
shock. The symbol (6 f ), represents the scale of strength of the basic
weak shock where € <^ 1. K is a similarity parameter that indicates
the ratio of shock strength to freestream disturbances. Also, the con-
stant K reflects that the speed of the basic shock wave is slightly
higher than the speed of sound ahead of the shock. A rescaling of
the jc coordinate and time t has also been considered: x* = x/6 3
and t* = rcoo£3, such that each of the terms in Eqs. (11) is a
function of (jc*, y, z, t*). The rescaling in the x direction leads to a
stretching of the picture of the flow around the basic shock in order
to capture the nonlinear interactions that occur in the flow across
the shock. The rescaling in time accounts for low-frequency, un-
steady perturbations in the flow. The substitution of Eqs. (11) into the
continuity, momentum, and energy equations results to the leading
orders in

a
a;c*

dp
- +

(12)

, N i i
— ( ^ 2 + P2 + A") + - — + - — = 0

(13)

3M du2
•r— + -—^+(
dt* dx*

dvi _ 1 dp
dx* ~ y dy

du 1 3/77
—— + —— — =0dx* y dx*

(14)

dx*
_ _

y dz

i£_7^+p^_y/,^ + ̂ _ y ^ = 0 (15)
Of* 9£* 3jc* 3jc* Ojc* 3;c*

dx*
= 0,

dco?
= 0 (16)

From the equation of state and the definition of entropy, it can be
shown that the temperature Tm and entropy S are given by

(17a)

where

(17b)
= p-p,
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Equations (12-17) result in

dv\ dwi
dy dz

yu + p = g ( y , z , t * )

1 dg
y dt*

duM^irz-
du 3v\

~dx*

y dz

1 dg
y dy

= g~f-(y- s =

(18a)

(18b)

(18c)

(18(0

(18e)

•-y/) (I8f)
where / and g are random induced fluctuations due to the free
turbulence. The function g is related to the vorticity fluctuations
in the flow and the function / is due to temperature or speed of
sound fluctuations. Equations (18) show that the axial perturbation
w, pressure perturbation /?, and density perturbation p, that are of the
order of the shock strength e 3 , interact with the transverse velocity
perturbations v\ and w\, that are of a smaller scale e.

The substitution of u = g/y + u* in Eqs. (18c-18e) results in a
problem for a velocity potential function $(**, y, z, t*) where

30 30
T"' tyi = ^-»dy dz

30
-r-^ (19a)dx*

20; + L+g
•«* + [K + y 1)0*'x* \Yx*x*

1 3g
3^ (19b)

In a conservative form Eq. (19b) is given by

L. + i 1 + |YA:+i + fV +L *' y I. L v y J *"\— ' j f i_ \ * /
(Y

= 0 (19c)
The exact shock jump conditions34 must be satisfied along any shock
surface x* — h(y , z, t") = 0 that may appear in the solution. To the
leading orders, these conditions are

[/] = 0, (20a)

,»*
9f*

9^
]9y

A: + ^.y
9/z _

'9? =

i—=
9y ~

f >[*]

.1̂  = 0
dz

(20b)

(20c)

where [(p] represents the jump across the shock of property (p, [(p] =
9s ~9 A- Equations (20a) show that to the leading order there is no
jump in entropy across the shock, [S] = 0. Equations (1 1) and (18)
also show that the local Mach number Mt at any point in the flow
is given by:

Ml-\= u* = {(y + + K + / + (g/y)} (21)

The flow is locally supersonic when (y + 1)0,* + K + f+g/y > 0,
sonic when (y + 1)0,* + K + f + g/y = 0, and subsonic when

(y + 1)0,* + K + / + g/y < 0. Equations (19) and (20) are an
extended version of the classic unsteady small-disturbance equation
for transonic aerodynamics.31 The changes are due to the random
terms g and /. Starting from given functions for / and g and initial
conditions that describe a given basic shock, Eqs. (19) and (20) can
be integrated in space and time to describe the development of the
shock wave and pressure field behind it. A numerical algorithm to
solve these equations is described in Sec. IV.

An alternative approach may be found by taking an jc* derivative
of Eq. (18c) and using Eqs. (18a) and (14). The pressure perturbation
p satisfies the equation

3p ' + / + g/y y——o——P- 2y

dz2 (22)

Equation (22) is an extended version of the classic KKZ equation
that describes the propagation of nonlinear sound beams with narrow
angular spectrum in an inviscid fluid.32'33 Equation (22) also has a
similar form to the model equation that has been recently developed
by Pierce17 using physical considerations only.

Equations (19) and (22) show that diffraction effects, nonlinear
steepening, focusing, and freestream induced fluctuations due to
turbulence interact simultaneously to determine the development of
the shock wave in space and time and the pressure field behind it.
Disturbances tend to change the local speed of sound in the flow
across the shock and through this effect to reduce or to magnify the
strength of the jump along the basic shock [see Eq. (21)] or to distort
the shock front. These changes may result in unsteady motion of the
shock front or in caustic vertices or in reflected shocks behind the
incident wave that can produce the variety of pressure signatures of
sonic booms that are measured in experiments. 1-5

IV. Finite Difference Scheme
A finite difference algorithm to solve the unsteady mixed-type

elliptic/hyperbolic flow around the shock wave has been developed.
Murman and Cole35 and Cole and Cook31 techniques are used. A
fully conservative scheme that is based on the conservative form of
Eq. (19c) is used. In this way the difference equations also contain
the shock relations [Eqs. (20)].

Consider a uniform finite difference mesh ( A jc*, Ay, Az, Af*)in
space and time, with points (**, y, z, t*) labeled by (i, j, k, n). The
results can be easily generalized to a variable mesh. Equation (19c)
can be expressed in a conservative flux form for a box centered on
a mesh point (i, j,k). Therefore,

(l/Af*){(20,* +g/y)(u.jfc.B) - (20,*

+ g/y (y

+ g/y (y

= 0 (23)

In Eq. (23), <py and 0Z are always calculated from a centered ex-
pression. However, the approximation of 0** strongly depends on
whether locally, at a point, the flow is subsonic, supersonic, sonic, or
if it is a shock point. Extending the methodologies from Refs. 3 1 and
35 to our case, a centered approximation and a backward expression
are given for u* [defined in Eq. (21)].

<M.») = K + f(J> k> n) + (1/y)g(7\ k, n)

+ ((y + l)/2A;c*)[0(/ + 1, 7, k, n) - 0(/ - 1, j, k, n)] (24a)

<M.») = K + /O', k, n) + (l/y)g(j, k, n)

+ ((y + 1)/2A**)[0(/, 7, k, n) - 0(* - 2, 7, k, n)] (24b)

The local type of the flow is determined by Table 1 (for detailed
explanations refer to Refs. 31 and 35).



982 RUSAK, GIDDINGS, AND COLE: WEAK SHOCK WITH DISTURBANCES

Table 1 Algorithm for local type of flow

Condition Local flow

<0
>0
>0
<0

<0
>0
<0
>0

subsonic
supersonic
sonic point
shock point

Pressure Perturbation - p
1.79+
1.61 to 1.79
1.43 to 1.61
1.26 to 1.43
1.08 to 1.26
0.90 to 1.08
0.72 to 0.90
0.54 to 0.72
0.36 to 0.54
0.18 to 0.36
0.00 to 0.18

0.4 0.5 0.6

Fig. 1 Nondimensional pressure field for disturbances given by
Eq. (25).

P ? 0d
1 6~

j
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1.6
1.2.
0.8
0.4j
00 =

^5a *- ^

0.1 0.2 0.3 0.4 05 X"
b)

P 2.0
1.6!

0.4 0.5 X

Fig. 2 Nondimensional pressure profiles at various cross sections for
disturbances given by Eq. (25): a) nominal shock wave, b) at j> = 0.0,
and c) at^ = 0.5.

Equation (23) is developed in a specific form according to the
local type of the flow. When the flow is locally subsonic, an el-
liptic difference form is used; when the flow is locally supersonic,
a hyperbolic difference form is used. A special difference form is
used when the flow accelerates through the speed of sound where
(y + 1)0** + K + f + g/y = 0. When locally the flow passes
through a shock, a special shock point difference operator is used
where the flux ahead of the shock may be approximated by a back-
ward formula and the flux behind the shock by a centered formula. A
detailed description of the various difference operators is presented
in Refs. 36 and 37.

Starting from initial conditions that describe a given planar shock
wave for t = 0 and given temperature fluctuations f ( y , z , t ) and
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Fig. 3 Nondimensional pressure field for disturbances given by
Eq. (26).
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Fig. 4 Nondimensional pressure profiles at various cross sections for
disturbances given by Eq. (26): a) at y = 0.0, b) at y = 0.5, and c) aty =
0.6.
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Fig. 5 Nondimensional pressure field for disturbances given by
Eq. (27).
vorticity perturbations g ( y , z, t ) , the difference equations can be
applied according to Table 1 and can be solved by an iterative point
or line, or plane, relaxation algorithm. Convergence was determined
when the residual dropped five orders of magnitude from its initial
value. In this way the shock motion and pressure field behind it can
be integrated in space and time and the effect of various freestream
fluctuations / and g can be studied.

The present numerical scheme is formally first-order accurate,
O[Ajc, (Av)2, (Az)2, At]. For steady flow cases considered in
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Sec. V, the numerical analysis shows second-order accuracy in the
subsonic regime. The mixed-type differencing and conservative na-
ture of the numerical formulation produces a sharp resolution of the
shock wave front, spread over only three mesh points, and is inde-
pendent of the mesh increment size. Both the theoretical analysis of
Cole and Cook31 and numerical studies by Giddings37 confirm this
behavior. Also presented in Ref. 37 is a variety of mesh convergence
studies. As mesh is refined, the numerical accuracy of the solution
is increased.

V. Numerical Results
The finite difference algorithm just outlined has been applied to

a variety of two-dimensional, steady shock wave interactions with
vorticity and temperature disturbances. A uniform 300 x 100 point
mesh was used in all cases with Ax* = 0.002 and Ay = 0.01.
This mesh was found to give well-converged results.37 Numerical
accuracy of all pressure profiles shown here is less than 0.1%. This
has been checked against calculations where more refined meshes
were used. The problems considered a basic shock wave centered in
the computational domain (x = 0.3) with the similarity parameter
K = 1.2 and subjected to deterministic freestream fluctuations. The
boundary condition 0* = 0 along the inlet surface was used for all
cases.

The first case had periodic boundary conditions in the y direction
on the y = 0 and y = I surfaces, whereas the downstream surface
was allowed to develop freely, i.e., dictated by the upstream flow
only. For this problem, the following deterministic fluctuations were
used.

+ g(y)/Y = 0.5cos (2ny), 0 < y < 1 (25)

The calculated nondimensional pressure perturbation field and pro-
files along various cross sections are shown in Figs. 1 and 2, res-
pectively, where Fig. 2a depicts the nominal shock solution for a
flowfield without disturbances. The bending of the shocks is in phase
with the velocity perturbations (Fig. 1) (i.e., a positive velocity per-
turbation produces a deflection in the positive y direction and vice
versa) as was also described by Ribner21 and Lee et al.27 Relative to
the nominal shock, the shock pressure jump varies along the front
by about ±40% (Figs. 2b and 2c). The rippled wave front clearly
leads to focusing and defocusing effects behind the shock, where
diffraction effects also become significant.

To demonstrate the physical meaning of / and g functions as
described in Eq. (25), let us consider a basic shock with a pres-
sure jump of A/? — p — POO = 9.6 x 10~4 bar running in a
standard atmosphere where p^ = 1.0132 bar, speed of sound is
a^ = 340 m/s, and temperature is T^ = 288 K. For the case
where K = 1.2, we find from the pressure jump relation across a
shock Ap/poo = 2y(M^ - !)/(/ + 1), that M^ = 1.0004 and so
€i = 7.10"4. Therefore, using Eqs. (11) and (18), Eqs. (25) repre-
sent, in the frame moving with the shock, either axial velocity varia-
tions in space having a similar profile with an amplitude of 0.12 m/s
or temperature variations in space having a similar profile with an
amplitude of 0.1 K. Both perturbations may occur in the atmosphere
under regular weather conditions and will result during the passage
of the basic shock in pressure jump increases or decreases of about
40%, depending on the location along the shock front.

The second case employed the same periodic boundary conditions
in the y direction as in case 1. Here the disturbances were given by

= 0-3 cos(2jrv) + 0.3 cos(47ry), 0 < y < 1
(26)

The nondimensional pressure perturbation field and profiles along
various cross sections are presented as in Figs. 3 and 4, respec-
tively. Again, the shock wave distortion results in significant local
pressure jump increases and reductions (see Figs. 4a-4c). The ba-
sic effects involved are similar to those described for the first case.
Note that for the steady-state case, temperature (or speed of sound)
fluctuations affect the pressure fields in the same way as vorticity
disturbances since they appear as a combined term f ( y ) + g(y)/Y
in Eq. (19c). Their relative contributions to this combined term do
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Fig. 6 Nondimensional pressure profiles at various cross sections for
disturbances given by Eq. (27): a) aty = 0.34, b) atj = 0.4, and c) at
y = 0.6.

not influence the pressure field. Temperature and vorticity fluctu-
ations do not, however, result in the same temperature, density, or
entropy fields inasmuch as these also depend on / and g and not
only the potential field. Axial velocity and temperature variations in
space represented by Eq. (26) are similar to those described for the
first case.

The third case involved the following unique boundary con-
ditions: </>* = — 1 along the outlet surface (consistent with the
nominal shock solution) and (/>y = 0 along the upper and lower
boundaries (as if the domain were confined by a solid boundary on
the upper and lower surfaces). The disturbances in this case were
given as

0 0 < y < ±
0.5(sin[47r(>; - I)] + sm[\6jt(y - I)]); \<y<\ (27)
0 0 < y < 1

The numerical results are shown in Figs. 5 and 6. It was found that
the shock jump was virtually eliminated in some places due to the
combined effects of the disturbances. This resulted in a rounded
pressure profile (Fig. 6c). At other locations along the shock front,
the pressure jump across the shock is significantly increased relative
to the nominal shock jump with approximately 70% (see Fig. 6b).
The physical meaning of the perturbations described in Eqs. (27) is
similar to those described earlier for the first case.

VI. Conclusions
The review of the theoretical studies of the interaction of shock

waves with freestream vortical flows or turbulence shows that
this complex nonlinear interaction is still an open problem. The
analysis of the linearized problem of the interaction of a weak
shock with relatively small disturbances shows that it is an in-
valid approach when the perturbations are of the order of shock
strength. Nevertheless, in a coordinate system moving with the ba-
sic weak shock, the problem may fit the framework of transonic
theory.
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A new transonic small-disturbance model has been developed
where a rescaling of the axial coordinate and time has been con-
sidered to capture the basic nonlinear effects that occur in the flow
across the shock. This model results in two alternative approaches: 1)
an equation for solving a velocity potential function that is described
by an extended version of the classic small-disturbance equation for
unsteady transonic aerodynamics31 and 2) a nonlinear stochastic
equation to describe the pressure field that is similar to the model
equation recently presented by Pierce17 using physical considera-
tions only. This equation also has an extended form of the classic
equation that describes the propagation of nonlinear sound beams
with narrow angular spectrum.32'33

Both approaches show that diffraction effects, nonlinear steepen-
ing, focusing effects, and random induced freestream fluctuations
interact simultaneously to determine the development of a shock
wave in space and time and the pressure field behind it. Turbulence
fluctuations tend to change the local speed of sound in the flow
across the shock and through this effect to reduce or magnify the
strength of the basic shock.

A finite difference scheme that uses Murman and Cole35 finite-
difference techniques for solving mixed-typed elliptic/hyperbolic
flows with shock waves has also been presented. Numerical simu-
lations of two-dimensional and steady shock wave iteractions with
various deterministic vorticity and temperature disturbances have
been shown. Results describe complicate shock wave structures and
peaked, as well as rounded, local pressure signatures behind the dis-
torted shock fronts. Similar signatures were recorded in the experi-
ments of sonic booms running through atmospheric turbulence.1"5

Comparison with these is difficult, however, since in all cases spe-
cific atmospheric conditions were not measured at the points where
signatures were recorded.
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